Introduction.
Ultraspherical polynomials are denned by the recurrence formula (1.1) (n + l)P"+i(*) = 2(» + X)xPl(x) -(» + 2X -I)pLi(x), with Po = 1, P) = 2Xx. Thus we have 2P\ = 2X[2(1 + X)x2 -1], and so on.
For X=l/2 we get the Legendre polynomials P"(x). They satisfy the following interesting inequality:
( 1 2) An(X) " [F"(X)]2
-[Pn_!(x)][Pn+1(x)] ^ 0, n = 1, -1 < x = 1, with equality for x = ±1. This result is due to p. Turdn, as stated in a recent paper by G. Szegö,2 where four elegant proofs of the theorem are given. The first proof (similar to that of Turän) is based on Mehler's formula, while the third proof is based on the identity°° P (x) 22 --z* = e-V0[(l -x*)l'*z], and on the fact that the Bessel function Jo has all its roots real. Szegö remarks that the formula 
with X = l/2, this reduces to the inequality (1.2).
We write fn(x) for P£(*)/P£(l);
= 0, and equality holds for x -\. We have
For 0<X<1 we derive a sharper inequality, employing essentially the recursion formula (1.1). The result is
x, . 2Xr(2X) r(n) (n + X -l)(n + 2X) " X + 1 T(n + 2X)'
1-x = l. In particular, for X = 1/2,
the smallness of An indicates that the inequality (1.2) is rather deep. For Bessel functions we shall establish the inequality
It seems particularly interesting that the procedure is very much the same in deriving (1.5) and (1.6), and is based mainly on the respective recurrence relations.
2. Ultraspherical polynomials; X<1. From (1.1) and (1.4), we obtain r(» + 2X)(» + l)
It follows that
If we write
(2 3) (» + X)(" + 2X-
where, from (2. We next show that (2.12) x(l) = lim gj)l(l) = 0.
From (2.3), we have (2.13) Dl(l) = (n + X)(n+ 2X -1) -(n + X -1)(» + 2X) = X, and from (2.7), for 0<X<1, we see that g"-*0; this proves (2.12). It now follows from (2.11) that i «(» + x + i) so that t (" + X)g--1-, »<x<1.
i «(» + X + 1) 2(1 -X)
Note that by (2.7) we have
From (2.5) and (2.6) we get (2.14) gnDn(x) = X -2X(1 -X)Z *; W \; ;
Now from (2.8), (2.12), and (2.13) it follows that
It follows from (2.14) that, uniformly in -lgxgT, // 0<X<1, then w2XAi(x) tewdj uniformly to a non-negative function, and 
